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Driving application: inversion problems for seismic imaging
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http://www.open.edu/openlearn/science-—maths-—technology/science/environmental--science/earths--physical--resources-—petroleum/content--section--3.2. |

* Challenging physics, many variants (e.g., wave equations),
* Big computational cost (wave simulation through subsurface)


http://www.open.edu/openlearn/science

So, it is not the “usual” Poisson equation that we aim to solve...

m d?p(z,t
, d(t2 ) — (1 -I- 26)(Ga‘:§: - Ggg)p(ib, t) — \/(]_ -+ 25)6’227-(33’ t) = q,

2
’f:d 7;l(t323, t) _ \/(1 4 25)(G5;§; -I- Ggg)p(x, t) — Gzz'r(x’ t) = q,
p('a 0) =0,
Iz, Y |t=0 =0, (incomplete)
( dg) —0 specification of the
J ) t_ | TTI (Tilted Transverse

T(,;I;’ )|t=0 =0, Isotropy) forward

) operator

Dz = cos(9)cos(¢)(;ix 4+ cos(@)sin(d))% - sin(ﬁ)d%
l
D.o = cos(9)cos(¢)% + cos(9)sin(¢)% — .sz'n(B)dizh
l

1 1 1
Gzz = 5 (Dz;l(;)Dm + sz(;)sz)

\ rotated second order differential operators



I”

So, it is not the “usual” Poisson equation that we aim to solve...

ult + 2]x]Ilyllz] = 1.0F*((8.85879567828298e- | F¥*damp[Xx][y][z] - 2.0F*m[x][YIlz])*u[tlX][yl[z] + 1.56956521739 I 3F*(1.25e-2F*((-2.5e-2F*v[t + I][x][Y][z] + 2.5e-2F*V[t + I[X][y][z + 2])*cos(theta[x][y][z + |]) + (-2.5e-2F*v[t +
XLy - Nz + 1]+ 25e2F*v[t + 1IX][y + [z + 1 D)*sin(philx][yl[z + 1) *sin(theta[x][y][z + I1) + (-7.5e-2F*v[t + I][x][yl[z + |1+ .0e-I1F*V[t + I][x + I[y]lz + 1] - 2.5e-2F*[t + I][x + 2][y][z + |])*sin(theta[x][y][z +
[ *cos(phi[x][y][z + I]))*cos(theta[x][y][z + I]) - |.25e-2F*((2.5e-2F*v[t + I][X][y][z] - 2.5e-2F*[t + I][X][y][z - 2])*cos(theta[x][y][z - I]) + (-2.5e-2F*v[t + I][X][y - I][z- I] + 2.5e-2F*V[t + I][xX][y + I][z - ])*sin(phi[x][Y][z -
[N *sin(thetalX][y][z - I]) + (-7.5e-2F*v[t + I][x][y][z - 1T+ 1.0e-1F*v[t + I]x + [[y][z - 1]-2.5e-2F*V[t + I][x + 2][y][z - |])*sin(theta[x][y][z - |])*cos(phi[x][y][z - I]))*cos(theta[x][y][z - |]) + 3.75e-2F*((-2.5e-2F*V[t + I][X][Y]
[z- 1]+ 25e2F*[t + I[x][Y]lz + I])*cos(theta[x][y][z]) + (-2.5e-2F*v[t + I[X][y - I1[z] + 2.5e-2F*V[t + 11[x][y + I[z])*sin(phi[x][Y][z])*sin(theta[x][y][z]) + (-7.5e-2F*V[t + I][x][Y][z] + I.0e-1F*v[t + I[x + I][y][z] - 2.5e-2F*V[t
+ 1[x + 2][y][z])*sin(theta[x][y][z]) *cos(phi[x][y][z])) *sin(theta[x][y][z]) *cos(phi[x][Y][z]) *+ |.25e-2F*((-2.5e-2F*v[t + I][x - 2][Y][z - ]+ 2.5e-2F*v[t + I][x - 2][y][z + |])*cos(theta[x - 2][y][z]) + (-2.5e-2F*V[t + I][x - 2][y - 1][Z]
+ 2.5e-2F*V[t + 1][x - 2][y + I[z])*sin(phi[x - 2][y][z])*sin(theta[x - 2][Y][z]) + (-2.5e-2F*v[t + I[X][y][z] - 7.5e-2F*v[t + I][x - 2][Y][z] + |.0e-1F*V[t + I][x - Iy][z])*sin(theta[x - 2][y][z])*cos(phi[x - 2][Y][z]))*sin(theta[x - 2][y]
[z])*cos(phi[x - 2][Y][z]) - 5.0e-2F*((-2.5e-2F*v[t + I][x - I[Yl[z - 1] + 2.5e-2F*v[t + I][x - I][y][z + ] *cos(theta[x - I[Y][z]) + (-2.5e-2F*v[t + I][x - ][y - I][z] + 2.5e-2F*v[t + I][x - ][y + I][z])*sin(phi[x - I][y][z])*sin(theta[x -
Nivliz) + (1.0e-1F*v[t + 1[X][YI[Z] - 7.5e-2F*v[t + I[x - 1[Y][z] - 2.5e-2F*V[t + I][x + I][y][z])*sin(theta[x - |[y][z])*cos(phi[x - I[y][z]))*sin(theta[x - I [y][z])*cos(phi[x - IT[y][z]) + |.25e-2F*((-2.5e-2F*v[t + I][X][y][z] +
2.5e- 2Pt + 1[X][y + 2][z])*sin(phi[x][y + ][z])*sin(theta[x][y + I][z]) + (-2.5e-2P*[t + I[X][y + ][z - 1] + 2.5e-2P*[t + I][X][y + ][z + I])*cos(theta[x][y + 1][z]) + (-7.5e-2F*[t + I][x][y + 1][z] + [ .Oe-IF¥v[t + I][x + ][y
+ 1[z] - 2.5e-2F*v[t + I][x + 2][y + I][z])*sin(theta[x][y + |][z])*cos(phi[x][y + I][z]))*sin(phi[x][y + I][z])*sin(theta[x][y + I1][z]) + .25e-2F*((-2.5e-2F*v[t + I][x][Y][z] + 2.5e-2F*V[t + |][x + 2][y][z])*sin(theta[x + I][Y]
[z])*cos(phi[x + IT[yl[z]) + (-7.5e-2F*v[t + I][x + I][yl[z] + 1.0e-1F*t + Ix + Iyllz + 1] - 25e-2F*v[t + I][x + [][y][z + 2])*cos(theta[x + I[y][z]) + (-7.5e-2F*[t + I][x + Iy][z] + I.Oe—IF*v[t + 1x+ 1y + I][z]
2.5e-2F*v[t + I[x + [y + 2][z])*sin(phi[x + [[y][z])*sin(theta[x + I[y][z]))*sin(theta[x + I][y][z])*cos(phi[x + I][y][z]) - 1.25e-2F*((2.5e-2F*v[t + I][x][Y][z] - 2.5e-2F*V[t + I][X][y - 2][z])*sin(phi[x][y - I][z])*sin(theta[x][y - |]
[2]) + (-2.5e2F[t + 1[X][y - 11z - 1]+ 2.5e-2F*v[t + I[X][y - [z + | T)*cos(theta[x][y - I[z]) + (-7.5e-2F*v[t + 1[X][y - 11[z] + | .0e-1F*V[t + I1x + [y - 1][z] - 2.5e-2F*v[t + I][x + 2][y - |[z])*sin(theta[x][y - |]
[z])*cos(phi[x][y - I[z]))*sin(phi[x][y - I[z])*sin(theta[x][y - |][z]) - 1.25e-2F*((2.5e-2F*v[t + I][X][V][z] - 2.5e-2F*V[t + I][x - 2][y][z])*sin(theta[x - I][y][z])*cos(phi[x - I[y][z]) + (-7.5e-2F*v[t + I][x - I[y][z] + |.Oe-1F*v[t + I][x
- Nvlz + 17 - 25e-2F*v[t + I[x - I][yllz + 2])*cos(theta[x - 1][y][z]) + (-7.5e-2F*V[t + I][x - I][y][z] + | .Oe-1F*v[t + I][x - [y + 1][z] - 2.5e-2F*v[t + I][x - I][y + 2][z])*sin(phi[x - I[y][z])*sin(theta[x - I][y][z]))*sin(theta[x - I]
[Yl[z])*cos(phi[x - I[y][z]) + 3.75e-2F*((-2.5e-2F*v[t + I[x - I][yl[z] + 2.5e-2F*v[t + I][x + [[y][z])*sin(theta[x][Y][z])*cos(phi[x][y][z]) + (-7.5e-2F*V[t + + | Oe- | F*v[t 4+ |1[X + |1 -25e2F* V[t + | [ +
2))*cos(theta[x][yl[z]) + (-7.5e-2F*[t + [X][y][z] + |.Oe-1F*v[t + ITX][y + I[z] - 2.5e-2F*v[t + I[X][y + 2][z])*sin(phi[x][y][z]) *sin(theta[x][Y][z]))*sin(phi[X
2.5e-2F*v[t + I[x + I[y][z])*sin(theta[x][y][z])*cos(phi[X][y][z]) + (-7.5e-2F*V[t + I[x][Y][z] + I.0e-IF*v[t + I[X][yl[z + I]- 2.5e-2F*v[t + I][X][y][z + 2])*cd
[z] - 2.5e-2F*v[t + [[x][y + 2][z])*sin(phi[x][Y][z])*sin(theta[x][Y][z]))*cos(theta[x][y][z]) + |.25e-2F*((-2.5e-2F*v[t + I][x - I][y][z - 2] + 2.5e-2F*V[t + I][x
+ 1IX][yllz] - 7.5e-2F*v[t + 1][x][y][z - 2] + 1.0e-1F*v[t + I[X][Y][z - |])*cos(theta[x][y][z - 2]) + (-7.5e-2F*V[t + 1[X][Y][z - 2] + | .Oe-IF*V[t + I][X][y + I][z
Y[z - 2]))*cos(theta[X][y][z - 2]) - 5.0e-2F*((-2.5e-2F*v[t + I][x - 1][Y][z- 1] + 2.5e-2P*[t + I[x + 1][Y][z - I])*sin(theta[x][y][z - I])*cos(phi[x][y][z- I]) +
IIXIVIz + 1) *cos(thetalx][yl[z - 1]) + (-7.5e-2F*v[t + I[x][Y][z - I]+ 1.0e-1F*v[t + IIX]y + ][z - 1]- 2.5e-2F*[t + I][X][y + 2][z - ])*sin(phi
[.25e-2F*((-2.5e-2F*v[t + I][x - [y - 2][z] + 2.5e-2F*v[t + I][x + ][y - 2][z])*sin(theta[X][y - 2][z])*cos(phi[x][y - 2][z]) + (-2.5e-2F*V[t + I][X][Y][z] - 7.5€e-]
[Z])*sin(thetalX][y - 2][z]) + (-7.5e-2F*v[t + I[X][y - 2][z] + 1.0e-I1F*v[t + I[X][y - 2][z + 1] - 2.5e-2F*V[t + |][X][y - 2][z + 2])*cos(theta[Xx][y - 2][z]))*sin(phi]
- Nz] + 2.5e- 2Pt + 1[x + 1y - [z])*sin(theta[x][y - 11[z])*cos(phix][y - I1[z]) + (I.0e-1F*t + 1[x][yl[z] - 7.5e-2F*v[t + IIX][y - I[z] - 2.5e-2F*[t + |
+ 1IX]y - [z] + 1.0e-1F*vt + 1[X][y - [z + 1] - 2.5e-2F*v[t + I[X][y - |][z + 2])*cos(theta[x][y - |][z]))*sin(phi[x][y - I][z])*sin(theta[x][y - |][z]))*delta[X
2.5e-2F*Fuft + 1[X][y + 2][z])*cos(philx][y + I1[z]) + (-7.5e-2F*u[t + I[x][y + 1][z] + 1.0e-1F*ut + 1][x + [y + I][z] - 2.5e-2F*u[t + 1][x + 2][y + [][z])*si

—

[XIyl[z] + 2.5e-2F*uft + 1[x + 2][y][z])*sin(phix + [y][z]) - (-7.5e-2F*u[t + I][x + [y][z] + .0e-1F*u[t + I][x + [y + 1][z] - 2.5e-2F*u[t + I][x + [] t C
(2.5e-2F*u[t + 1[x][Y1[z] - 2.5e-2F*ult + [X][y - 2][z])*cos(phi[X][y - I[z]) + (-7.5e-2F*u[t + I[X][y - I1[z] + .0e-1F*u[t + I][x + ][y - I][z] - 2.5e-2F* .
[.25e-2F*((2.5e-2F*u[t + |[X][Yl[z] - 2.5e-2F*ult + I][x - 2][yl[z])*sin(phi[x - I[y][z]) - (-7.5e-2F*u[t + I][x - I[y][z] + 1.0e-1F*u[t + Ix - [y + 1][z] - 2.54 h m 2 d d
+ 3.75e-2F*(-(-2.5e-2F*uft + 1[X][y - 1[z] + 2.5e-2F*u[t + 1[X][y + [z])*cos(philx][yl[z]) + (-7.5e-2F*u[t + I[X][y][z] + I|.0e-1F*uft + 17[x + y][z] SC e e ( n O r e r I n
[.25e-2F*(-(-2.5e-2F*u[t + 1[x - 2][y - 1][z] + 2.5e-2F*u[t + I][x - 2][y + I[z])*cos(phi[x - 2][y][z]) + (-2.5e-2F*u[t + 1[x][y][z] - 7.5e-2F*uft + 17[x - 2][y][3
[z]) - 3.75e-2F*((-2.5e-2F*u[t + I1][x - [y][z] + 2.5e-2F*u[t + 1[x + 1][Y][z])*sin(philx][y][z]) - (-7.5e-2F*uft + 1[x][y][z] + I.Oe-1F*u[t + I[X][y + [z] .
1.25e-2F*((-2.5e-2F*uft + I[x - 1][y - 2][z] + 2.5e-2F*u[t + I[x + 1y - 21[z])*sin(philX][y - 2][z]) - (-2.5e-2F*u[t + 1[X][Y][z] - 7.5e-2F*u[t + 1[X]ly - 2][z] d I ' | f
- 5.0e-2F*(-(-2.5e-2F*u[t + I][x - [y - 1[z] + 2.5e-2F*u[t + I][x - [y + I][z])*cos(phi[x - I[Y][z]) + (I.0e-1F*u[t + 1[x][Yl[z] - 7.5e-2F*ult + I[x - I[Y][z] S Pa'c e a’ n tl e) O r
+ 5.0e-2F%((-2.5e-2F*u[t + I[x - [y - 1[z] + 2.5e-2F*u[t + I][x + [y - I[z])*sin(phi[X][y - I[z]) - (1.0e-1F*ult + I[X][y][z] - 7.5e-2F*u[t + I[X][y - 11[z] -
- 1.25e-2F*(-(-2.5e-2F*u[t + 1[X][Y][z] + 2.5e-2F*ult + 1[x][yl[z + 2])*sin(theta[x][y][z + 1) + (-2.5e-2F*u[t + I[X][y - [z + 1]+ 2.5e-2F*uft + 1[x][y + | ° ° °
NIXIYIz + 1]+ 1.0e-1F*ut + 1][x + 1[yllz + 1]-25e-2F*u[t + 1][x + 2][y][z + |])*cos(phi[x][y][z + |])*cos(theta[x][y][z + |]))*sin(theta[x][y][z + I]) I n a C u I C g rl
2])*sin(thetalX][y][z - I]) + (-2.5e-2F*ult + 1][X][y - 1][z - 1T+ 2.5e-2F*uft + IX][y + ][z - I])*sin(phi[x][Y][z - |])*cos(theta[x][y](z - I]) + (-7.5e-2F*u[t + |
2\vliz - I])*;os(phl[x][y][z [D*cos(theta[x][y][z - I1))*sin(theta[x][y][z - 1) + 3.75e-2F*(-(-2.5e-2F*u[t + I[x][yl[z - |] + 2.5e-2F*u[t + I[x][y][z + 1])*sin(t :
Nz *sin(philx][y][z])*cos(theta[x][y][z]) + (-7.5e-2F*u[t + I[X][y][z] + |.0e-1F*u[t + I[x + I[y][z] - 2.5e-2F*u[t + I][x + 2][y][z])*cos(phi[x][Y][z])*cos(theta[x][y][z]))*cos(phi[x][y][z]) *cos(theta[x][y][z]) + |.25e-2F*(-
(-2.5e-2F*Fult + I[x - 2][yl[z- ]+ 2.5e- 2F*u[t + 1[x - 2][yl[z + I])*sin(theta[x - 2][y][z]) + (-2.5e-2F*u[t + 1][x - 2][y - 1][z] + 2.5e-2F*u[t + I][x - 2][y + ][z])*sin(phi[x - 2][y][z])*cos(theta[x - 2][y][z]) + (-2.5e-2F*u[t + I][X][y]
[z] - 7.5e-2F*u[t + I[x - 2][y][z] + 1.0e-IF*u[t + I][x - 1[Y][z])*cos(phi[x - 2][Y][z])*cos(theta[x - 2][Y][z]))*cos(phi[x - 2][V][z])*cos(theta[x - 2][V][z]) - 5.0e-2F*(-(-2.5e-2F*u[t + I][x - I][y][z- I] + 2.5e-2F*u[t + I][x - I][Y][z +
[*sin(thetalx - y][z]) + (-2.5e-2F*ult + 17x - Iy - 1[z] + 2.5e-2F*uft + Ix - [y + 1[z])*sin(phi[x - 1[y][z])*cos(theta[x - I][Y][z]) + (I.0e-1F*ult + I[x][y][z] - 7.5e-2F*uft + 11[x - Iy][z] - 2.5e-2F*uft + 17[x + I][y]
[z])*cos(phi[x - 1[Y][z])*cos(theta[x - I[y][z]))*cos(phi[x - I[y][z])*cos(theta[x - I[y][z]) + |.25e-2F*((-2.5e-2F*u[t + I][X][y][z] + 2.5e-2F*uft + ][x][y + 2][z])*sin(phi[x][y + |][z])*cos(theta[x][y + I][z]) - (-2.5e-2F*u[t + ][]
[y + 1z - 1]+ 25e2F*u[t + I][x][y + [z + [D*sin(thetalx][y + [z]) + (-7.5e-2F*ut + I[X][y + 1][z] + 1.0e-1F*u[t + I][x + [y + ][z] - 2.5e-2F*uft + I[x + 2][y + |][z])*cos(phi[x][y + |][z])*cos(theta[x][y + I]
[2]))*sin(phi[x][y + I][z])*cos(theta[x][y + ][z]) + |.25e-2F*((-2.5e-2F*u[t + I[X][y][z] + 2.5e-2F*u[t + I][x + 2][y][z])*cos(phi[x + I][y][z])*cos(theta[x + ][Y][z]) - (-7.5e-2F*u[t + I][x + I[Y]l[z] + .0e-1F*u[t + I][x + I][yllz +
[7-2.5e-2F*uft + I[x + 1[yllz + 2])*sin(thetalx + [Y][z]) + (-7.5e-2F*uft + I[x + 1][y][z] + 1.0e-1F*uft + I][x + [y + [z] - 2.5e-2F*uft + I[x + [y + 2][z])*sin(phi[x + I[y][z])*cos(theta[x + |][y][z]))*cos(phi[x + I][Y]
[z])*cos(theta[x + I[y][z]) - |.25e-2F*((2.5e-2F*u[t + I][x][y][z] - 2.5e-2F*u[t + I[X][y - 2][z])*sin(phi[x][y - I][z])*cos(theta[x][y - I][z]) - (-2.5e-2F*u[t + I][x][y - ][z - ] + 2.5e- ZF*U[‘[ + IX]Ly - Nz + 1] *sin(theta[x][y - 1][z])
+ (-7.5e-2FFuft + 1[X][y - I[z] + 1.0e-1F*u[t + I][x + ][y - 1][z] - 2.5e-2F*u[t + I][x + 2][y - I][z])*cos(phi[X][y - |1[z])*cos(theta[x][y - |][z]))*sin(phi[X][y - |1[z])*cos(theta[X][y - I][z]) - |.25e-2F*((2.5e-2F*u[t + IT[x][Y][Z] -
2.5e-2F*Fuft + 1][x - 2][y][z])*cos(phi[x - 1[Y][z])*cos(theta[x - I[Y][z]) - (-7.5e-2F*u[t + I][x - I][yl[z] + |.0e-1F*uft + I][x - 1[y][z + I]- 2.5e-2F*u[t + I][x - |][yllz + 2])*sin(theta[x - 1][Y][z]) + (-7.5e-2F*ut + I][x - 1][y][z] +
[.0e-1F*FUft + 1[x - [y + 1][z] - 2.5e-2F*u[t + 1]x - [y + 2][z])*sin(phi[x - I][Y][z])*cos(theta[x - I][Y][z]))*cos(phi[x - I][y][z])*cos(theta[x - I][y](z]) + 3.75e-2F*((-2.5e-2F*u[t + I][x - I][y][z] + 2.5e-2F*u[t + I][x + I1][y]
[z])*cos(phi[x][Y][z])*cos(theta[x][y][z]) - (-7.5e-2F*u[t + I[x][Y][z] + I.Oe-1F*u[t + I[x][Yl[z + |]- 2.5e-2F*uft + I][X][yl[z + 2])*sin(theta[x][Y][z]) + (-7.5e-2F*ut + I[X][y][z] + |.Oe-IF*u[t + I[X][y + 1][z] - 2.5e-2F*u[t + ][]
[y + 2][z])*sin(phi[x][Y][z])*cos(theta[x][y][z])) *sin(phi[X][y][z]) *cos(theta[x][V][z]) - 3.75e-2F*((-2.5e-2F*u[t + I][x - I[y][z] + 2.5e-2F*ut + I[x + I][y][z])*cos(phi[x][y][z])*cos(theta[x][Y][z]) - (-7.5e-2F*ult + I[X][y][z] +
[.0e-1F*uft + I[X][Yllz + 1] - 2.5e-2F*uft + I][x][y][z + 2])*sin(theta[x][y][z]) + (-7.5e-2F*u[t + I][X][Y][z] + | .Oe-1F*u[t + I][x][y + I][z] - 2.5e-2F*u[t + ][X][y + 2][z])*sin(phi[x][y][z])*cos(theta[Xx][y][z]))*sin(theta[x][Y][z]) -
[.25e-2F*((-2.5e-2F*ult + 1][x - I[y][z - 2] + 2.5e-2F*ut + I][x + 1[y][z - 2])*cos(phi[x][y][z - 2])*cos(theta[x][y][z - 2]) - (-2.5e-2F*ult + I][X][y][z] - 7.5e-2F*u[t + I[x][Y][z - 2] + |.Oe-1F*ult + I][Xx][y][z - |])*sin(theta[x][y][z -
2]) + (-7.5e-2F*Fuft + 1[X][Yllz - 2] + .0e-1F¥uft + 1IX]Ly + [z - 2] - 2.5e-2F*u[t + 1[X][y + 2][z - 2])*sin(phi[x][y][z - 2])*cos(theta[X][y][z - 2]))*sin(theta[x][Y][z - 2]) + 5.0e-2F*((-2.5e-2F*uft + I][x - I[y][z - 1]+ 2.5e-2F*u[t
+ 1[x + [yl[z - 1T)*cos(phi[x][y][z - IT)*cos(theta[x][y][z - I]) - (1.0e-1F*u[t + I[X][y][z] - 7.5e-2F*ut + I[x][y][z - I]- 2.5e-2F*ult + I][X][yl[z + |])*sin(theta[x][y][z - 1]) + (-7.5e-2F*y[t + Xz - 1T+ [.Oe-IF*uft + 1[X][y
+ [z - 1]-25e-2FFut + [X][y + 2][z - I])*sin(phi[x][Y][z - |])*cos(theta[x][y][z - I1))*sin(theta[x][y][z - IT) + 1.25e-2F*((-2. 5e 2F%uft + 1[x - 1y - 2][z] + 2.5e-2F*uft + 1[x + [y - 2][z])*cos(phi[X][y - 2][z])*cos(theta[x][y -
2)[z]) + (-2.5e-2F*uft + 1[Xx][y][z] - 7.5e-2F*ult + 1[X][y - 2][z] + 1.0e-1F*¥u[t + I1[X][y - 11[z])*sin(phi[X][y - 2][z])*cos(theta[X][y - 2][z]) - (-7.5e-2F*ult + I][X][y - 2][z] + I.0e-1F*u[t + I1[X][y - 2][z + ] - 2.5e-2F*u[t + I[X][y -
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Why we need HPC implementations

* Huge number of floating-point operations: more than 6000 per loop iteration for a
|6th order TTI operator

* Realistic 3D grids may have more than 107 grid points (e.g., 2.82 billions in SEAM
benchmark)

* Often more than 3000 time steps
* Two operators: forward + adjoint

* Usually 30000 shots (“MPI level”)

* Around |5 Full-Waveform Inversion (FWVI) iterations
* =~ 6000 x 2.82 x10” x 3000 x 2 x 30000 x 15 = 46 billion TFLOPs

* =100 wall-clock days executing on the TACC Stampede (assuming Linpack-level
performance)



Devito: automated high performance finite difference

* Real-world seismic imaging:
* Complex inversion methods (e.g., FWI)

* Change of physics (e.g., acoustic,VTI, TTI — accuracy = complexity)

* Change of discretization (FD schemes, up to very high order)

* Boundary conditions, data acquisition, source/receivers modeling...

* Devito (¢ OPESCI)

* Not “Yet another DSL for toy problems”: language + escape hatches

* Interdisciplinary research effort

* Used by geophysicists to write inversion operators

* Based on actual compiler technology (you can write your own passes!)

* This talk: the Devito compiler, its performance optimizations,
application to real-world Acoustic and TTI operators



The compilation flow: from symbolics to HPC code
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The compilation flow: from symbolics to HPC code

[ @ python’

Front-end

“FLOPS”
OPTIMIZATIONS .
| pyuion
. , “MEMORY”
OPTIMIZATIONS

Declarations, headers, ...

[Lovv level code] C - OpenMP
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processing and compilation speed

* Heuristic re-factorization of recurrent terms
* E.g, finite difference weights: 0.3*a + ... + 0.3%*b => 0.3%(a+b)
* Many possibilities (doesn’t leverage domain properties yet!)

[ Factorizer ]

Factorizer impact:
TTI, space order 4: 1100 = 950

TTI, space order 8: 2380 — 2120
TTI, space order 12: 4240 — 3760
TTI, space order 16: 6680 = 5760
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Devito Symbolic Engine

A sequence of compiler passes to reduce FLOPS (no loops at this stage!)

 Common sub-expressions elimination
( CSE ] * C compilers do it already... but necessary for symbolic
processing and compilation speed

* Heuristic re-factorization of recurrent terms
* E.g, finite difference weights: 0.3*a + ... + 0.3%*b => 0.3%(a+b)
* Many possibilities (doesn’t leverage domain properties yet!)

( Factorizer ]

* Trigonometric functions are evil
( Approximator ] * Extremely costly - .
* Therefore, approximation with e.g. Taylor polynomials
* Vectorizable, quicker to compile

Heuristic hoisting of time-invariant quantities
e Currently, only Approximator’s output (but pass is general)...
* ... to minimize extra memory consumption
* This is enhanced by the “aliases detection algorithm”

( Time invariants ]
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A sequence of compiler passes to introduce parallelism, SIMD vectorization
and to improve data locality
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Devito Loop Engine

A sequence of compiler passes to introduce parallelism, SIMD vectorization
and to improve data locality

* Cache optimizations (mostly LI cache)

[ Cache opts ] * Loop fission + elemental functions (register locality)
* Padding + data alignment (split loads)
* Work in progress: data layout transformations

General Exploration General Exploration viewpoin

tion Log| | @ Analysis Target

Elapsed Time : 487.651s
Clockticks: 5.099,766,000,000

nstructions Retired: 4,963,350,000,000
CP1 Rate 1.027

Intel VTune, Broadwell E5-2620 v4,TTI space orders 4-8-12

MUX Reliability —: 0.752

MUX Reliability 0.754 MUX Reliability 0.751
Front-End Bound : 17% Front-End Bound “: 2.0% | Front-End Bound

Back-End Bound :
Memory Bound :

- . N
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Devito Loop Engine

A sequence of compiler passes to introduce parallelism, SIMD vectorization
and to improve data locality

Cache optimizations (mostly L1 cache)
[ Cache opts ] * Loop fission + elemental functions (register locality)
* Padding + data alignment (split loads)
* Work in progress: data layout transformations

DRAM optimizations: loop blocking
[ DRAM opts ] * |ID, 2D, 3D supported (but no time loop)
* Auto-tuning supported

SIMD vectorization

[ SIMD ] * Through compiler auto-vectorization

* Why should | bother using intrinsics!?

* Various #pragmas introduced (e.g., ivdep, alignment, ...)

[ Parallelism ) OpenMP |
* #pragma collapse clause on the Xeon Phi
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TTIl on Xeon Phi (64 threads, cache mode, quadrant)

8192 Tti[(512, 512, 512),TO=[2]], with varying <DSE,DLE>, on ekf 1
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TTIl on Xeon Phi (64 threads, cache mode, quadrant)
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Conclusions and resources

* Devito (part of OPESCI): towards an efficient and sustainable finite
difference DSL

* Driven/inspired by real-world seismic imaging

* Based on actual compiler technology

* Performance: promising, but still quite a lot to do
* Future: plug in backends such as YASK

Useful links JWOPESCI

* http://www.opesci.org

* https://github.com/opesci/devito

3
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http://www.opesci.org
https://github.com/opesci/devito

Appendix



Experimentation details

Compiler
* ICC 17 -xHost -O3 (-O2 no difference)
e -xMIC-AVX512 on Xeon Phi

OpenMP
* Single socket (still no support for NUMA issue through first touch)
* Thread pinning

* Numactl
Intel(R) Xeon(R) E5-2620 v4 2.1Ghz “Broadwell” (8 cores per socket)

Intel(R) XeonPhi(R) 7650
* 68 cores (used only 64)
* Quadrant mode (still no support for NUMA)
* Tried |, 2,4 threads per core. Shown | thread (no critical differences)

* Cache mode performs equivalently to Flat mode when datasets fit in MCDRAM

Roofline calculations available at: https://gist.github.com/FabioLuporini/12485f08576674d8452fec8673d6f26e
* Memory bandwidth: STREAM
* CPU peak: pen & paper

* Operational intensity: source-level analysis (automated through Devito)


https://gist.github.com/FabioLuporini/12485f08576674d8452fec8673d6f26e
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Devito Loop Engine (example output)

int Kernel(float *restrict damp_vec, float *restrict delta_vec, float *restrict epsilon_vec, float *restrict m_vec, float

*restrict phi_vec, ...., const int X_size, const int y_size, const int z_size, const int x_block_size, const int y_block_size,
struct profiler *timings)

{

// PADDED BUFFERS
float (*pu)[532][532][536];

bosix_memalign((void™)&pti3, 64, sizeof(float[532][532][536]));

/| TIME INVARIANTS
for (int x = 0; x < x_size; x += 1)
{
for (inty =0;y <y_size;y += 1)
{
#pragma noinline
f 2 O(phi_vec,x_size,x,y_size,y,z_size,(float™) ptiO,(float™) ptil,(float*) pti2,(float*) pti3,theta_vec);

}

}
for (int time = 0; time < time_size; time += |)
{

[ NEXT SLIDE

}



Devito Loop Engine (example output)

#pragma omp parallel

{

/* Flush denormal numbers to zero in hardware */
_MM_SET_DENORMALS ZERO_ MODE(_MM_DENORMALS ZERO_ON);
_MM_SET_FLUSH_ZERO_MODE(_MM_FLUSH_ZERO_ON);

#pragma omp for schedule(static,|)

for (int x_block = 4; x_block < x_size - (x_size - 8)%(x_block_size) - 4; x_block += x_block_size)

{ Loop blocking loops

for (int y_block = 4;y block <y_size - (y_size - 8)%(y_block_size) - 4;y_block +=y_block_size)
{

double ptemp276[536] __attribute__ ((aligned(64)));

double ptemp278[536] __attribute__ ((aligned(64)));

// MORE PADDED TEMPORARIES

for (int x = x_block; x < x_block + x_block_size; x += 1) -
{ Intra-block loops
for (inty =y_block;y <y_block +y_block_size;y += 1)

{
#pragma noinline
f 2_I((float*) ptemp276,z_size,(float*) pu,t_size,x_size,x,y_size,ytl); S I M D d i mens i on
#ﬁragma noinline o o
£ 2 119((float*) pts48,z_size,(float*) pts49,(float¥) pts50,(float*) pv,t_size,x_sizexy_size,y,t2); within these

} .

) functions
}
}

I/ BLOCKING REMAINDER LOOPS

/| MODEL SOURCES AND RECEIVERS

#pragma noinline

f 2 477(m_vec,x_size,y_size,z_size,(float*) pu,t_size,(float*) pv,src_vec,time_size,src_coords_vec,d_size,time,t2);
#pragma noinline

f 2 478((float*) pu,t_size,x_size,y_size,z_size,(float*) pv,rec_vec,time_size,rec_coords_vec,d_size,time,t2);



DLE significantly benefited from Intel VTune

# General Exploration General Exploration viewpoint (change)

B8 Collection Log| | @ Analysis Target| | * Analysis Type

Elapsed Time : 270.961s
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Clockticks: 2,667,380,800,000
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Acoustic on Xeon Phi (64 threads, in MCDRAM)
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Acoustic on Xeon Phi (64 threads, in MCDRAM)
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Acoustic on Xeon Phi (64 threads, needs DRAM)
Acoustic TO=[2]], with varying <DSE,DLE>, on ekf 1
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Acoustic on Xeon Phi (64 threads, needs DRAM)
TO=[2]], with varying <DSE,DLE>, on ekf 1
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Devito Symbolic Engine (example output)

uft + DIl = |OF*(8856795¢7626298e. Fcarmpbd) [ 2P mbINT) LD + 15695652 73913F(1. 25 2F((:25e-20 Tt + DT + 2Se- 28t + 1Jodlylz + 2)*costhetaludD iz + 1D + (2Se-2Fvit + By - 1 + 1] + 25626t + Todly + 1z + 1D*Sinphibdblz + 1tsinthetaldpllz 1) + (7Se2bft+ 10Tz + 1]+ L0l Fvlt + bt Bz + 11 25e- 260 + [1x + bz + 1) sinthetal bz +
1]+ 1.0e-TPREE+ 1+ Y[z - 1] - 2.5e-2Pt + 1[x + 2]y][z - 1])sinthetal][y]lz - 1])*cos(philx][y][z - 1])*cos(thetalx][y][z - IT) + 3.75e-2F*((-2.5e-2F*v[t + | Tx]ly]lz -

{1+ 2528t + 1L+ 1)*costhetallylz) + (2920t + Tl - 2] + 25e26ne + Ty + D ssnhiblyla) sinithetabdbzl) + (7se 2Pl + iyl + 10e- PSS 1K+ bz -2.5e- 20 1l & 21l sinchetallz) scostph{ 2D smtthetabdp )2 *cosehiy  L25e-26(Casedine ¢ x0Tz 1)+ 2520t + ix - 210z + [)*costthetalx - ADJED « (25e- 26 + - 2y - 16 +
Y]z - 17+ 25e-2F4[t + [x - 1Tyl[z + 1])*cos(thetalx - 1Tyllz]) + (-2.5e-2P%[t + 1[x - 1]y = 1][2] + 25e-2FAft + x - 1Ty + Hz))*sin(phifx - 1][y][z])*sin(thetalx - 1][y]

[2]) + (1.0e- 1PVt + IXIYI[Z] - 7.5e- 2Pt + 111 - 1Ty][z] - 25e-2P5t + 1x + 1Tyliz)*sin(thetalx - 17y][] )*cos(ph\[x D)y sinthetalx - Mz coslpnx - D) ¥ 1:25e 2256 2P DT * 2562t + 1y = 2zl *an(phibdly + Iz *snthetably + 1[z) + (2.5e- 2Pt [y = iz - 11 + 2520t + Hpdly + 1z + 1 )¥eos(ihetabely + lz) +

2526+ ok 2y & 1) sintthetably + 1) *cos(oniply + 1TzD)“an(ehly + Hizhsinhetsby + 2D = 125€-285(( 252 2Pt + HEJIVlz] = 25¢ 2P + b+ D sinthetal + Tzl cosonx + DY) + (7,56 2Pt 1D - DT + 10 TP + 1ot Wl + 1 28e 28+ [+ oz + 2costhetal + Al + (75e- 2R+ o+ ]+ 106 1Pt = 16 ¥ 11y = 1) 28 20+ 110 = Ty

*2asinehlx + LA sn(hetal + ) snhel + AL costehlx + Tlz) - 12527 (25 28t 1 - 2Se28lt + |l - 2] *sin(phibdly - Tl ssin(thetabdly - 1) + C25e20Tt + 11l ][z' 1]+ 25e 2t £ B - T+ Decostthetabdly - 112 + (7520l « Ny - N+ 10e-TEnie s o + 1y 11 - 25e 20 + 1l + 20l

| F

17)*cos(phipx]iy]iz + 11))*cos(thetalx][y]lz + 1]) - |.25e-2F*((25e-2F* [t + ITIx]Ly][z] - 2.5e-2Pv[t + 1Tx]1[z - 2])*cos(thetalx]yl[z - 1]) + (-25e-2Ft + [y - 1z - 1] + 25e-2F"[t + ITIx]ly + [z - 1])*sin(philx][y][z - 1)*sin(thetalxIiy]lz - 1T) + (-7.5e-2F*[t + NIXIYIZ
25e2P[t + 1 - 2]y + 1][z])*sin(philx - 2][y][z])*sin(thetalx - 2][yl[z]) + (—Z.Se—ZF*v[L + DAL - 75e-28{E + 1D~ 200y1[a] + 1 O | Pyt + 1D ) *sinihetal - Z]lyTT2)“cos(phil - 21[y1[2))“Sinthetal - 2][y][2))*cos(phif - (2] - 5.0 267(-2.5e 2Kt + 1ox -

7] - 25e-2Pft + 1Ly + 2][1])"slr\(ph\[x][y][Z])"sm(ﬂ'\eta[x][y][z]))*s\r\(ph\[Z][y][z])*sm(theta[x][ Tz]) + 3.75e-2F*((-2.5¢

(-7.5e2F%[t + 1]y

| *sin(thet:
2D sin(thetally - [z - | 25¢-267(2:5¢-2Pft + 1IDAIIEZ] - 2oe- 2t + 1D - 2lIy][z]) *sinthetal - yJ[z])cos(philx - 1I[ZD + (7-5e-2Ft + ‘][ ‘]M[ZJ +10e-IFHt + I][x— 1]z + 17- 25e-2F*[t + [[x - 1]y][z + Z])"cos(theta[x— YD) + (-7.5e-2F*vft + 1[x - 1y]iz] + 1.0e- 1Pt + 10x - [Ty + 1][z] - 25e-2F"t + [[x - 1]y + 2][z])*sin(phi[x \][y][z])*sm(theta][gzj)Ii‘[‘;g S
750 2P 2 Se 3Rt 1% - Hlz] + 250 2Pt -+ 1]k + i) sinthetal 2] cospnin]) + (7se 2 + 1PN+ 10e-Pvie + 1D fz * 1 - 25e280fe + 1tz 2])*(05(1heta[x][ 1D + (9 5e 28t + BT + 1.0e- Tt + 1By + 1 F*

e PRt + 17X

+ 1][z] + 1.0e- IFVE+ []x + 1y + 1][z] -

y
- {zD*cos(philx]ly - 1[z]))*sin(philx][y - 1]
[Z]))"Sm(theta[x [z ])“COS(PW[X |][ ][ ]) +

S SRl 17

[z])*sm(lheta[x][y][z])*cos(ph\[x][\/][z]) + (-7.5e-2F[t + 1][x][y][z] + |.Oe-1F*y [ NX])z + 1] - 2.5e-2F*v[t + 1[X][y][z + 2])*cos(theta[><][y][z]) + (-/.5e-. ZF*v[L + 1[X][y)[Z] + 1.0e- \F*v[t + | + 1[z] - 25e-2F%[t + 1][x][y + 2][z])*sm(phl[x][y][z])*sm(Lhela[x][y][z]))*cos(lheta[x][y][z]) + 1.25e-2F%((-2.5e-2F"[t + 1][x - [z- Ht+ x+ 1)z - 2])*sm(thela[ Y[z - 2])*cos(philx][y][z - 2])Z+ (- ZSe ZF*v[t + Xyl
7] - 7.5e-2F*[t + 1[X][y][z - 1] - 2.5e-2F*v[t + \][x][y][z +

75e2PM[t + IXy)lz - 2] + 1.0e= TPVt + 1x][Y][z - 1])*cos(thetalx]Iyl[z - 2]) + (-7.5e-2F*v[t + [X][y]lz - 2] + |0e-IFA[t + HIx]ly + 1]z - 2] - 2.5e-2F*[t + 1Tix]ly + 2]z - 2))*sin(philx][y][z )*sm(theta Xz - 2]))*cos(theta[>< vz -

- + 25 2Pt + u[x+ Nz~ 1] )*sm(meta x][y] 2 1] )*cos(ph\ lyilz - 1)+ (1.0e Pt + 1]
1) *cos(thetalx][y]lz - 1]) + (7.5e-2Pt + 1iyllz - 1] + | e FAt+ 1dly + iz - 11 256285t + 1y + 2J[z - 1])*sin(ehibly]iz - 1) sin(thetalx]fy][z - 11)*cos(thetallyliz - 1) + 1.25e-2F((-2.5 3]t + 1px - 1y - 2][z] + ZSe zm[u \][><+ \][ 2][2])*sm(theta[><][ 2)[z))*cos(Philx]ly - 2)[z]) + (-25e-2F[t + IXI[Y][z]- 7.5e-2Fv[t + 1[x]ly - 2][z] + |.0e- | Pt + 1Ly -

1[z])*sin(phi[x][y - 2][z])*sin(thetalx][y - 2][z]) +

(-75e2F*[t + XLy - 20[2] + | Oe-1 PVt + TIxly - 20z + 1] - 25e-2F4t + 1[x][y - 2]z + 2])*cos(thetalx]Ly - 2][z]))*sin(phi[x][y - 2][z])*sinithetalx][y - 2][z]) - 50e-2F*((-2.5e-2FA[t + 1[x - Iy - ][] + 25e2Fv[t + 1]x + [y - 1[2))*sin(thetalx][y - I[z])*cos(phiixly - 1[z)) + (1 0e-TFvft + XL - 7.5e2PA [t + X[y - [z - 25e-2F*ft + 1x]ly + 1iz))*sin(phi[x]ly - 11z])*sin(thetalx]ly - 11z]) + (-7.56-2F"[t + 11Xy - 1]Z] +
.0e- TPt + 1x]ly - [z + 1] - 25e-2PA[t + 1][x]ly - 11z + 2])*cos(theta[x]ly - 11[z]))*sin(philx][y - |1[z])*sin(thetalx]ly - 1][z]))*deltalx]lyl[z] + |.56956521739 13F¥(-1.25e-2F*(-(-2.5e-2F*ult + 1]Ix][y]Lz] + 2.5e-2F*uft + XLy + 2][z])*cos(philx]ly + 11[2]) + (-7.5e-2F*ut + [Txlly + 1][z] + 1.0e-1F*uft + 1]x + 1]ly + 1][z] - 25e-2F%ult + 1]x + 2]y + Hiz])*sin(philx]ly + 1]{z]))*cos(philxlly + 1][z]) + I.25e-2F*((-25e-2F*ult + [x]y][z] +
2.5e-2F%uft + 1] + 2]z sin(philx + 1Ty][z]) - (-7.5e-2F*ft + ITox + 1[yI[z] + 1.0e-1F*uft + 1x + 1]y + 1][z] - 2.5e-2F%u[t + 1][x + ][y + 2][zZ])*cos(philx + 1yl[z]))*sin(philx + ITiyJ[z]) + |.25e-2F4(-(2.5e-2F*ult + IxIy]z] - 2.5e-2Fuft + 1Ly - ]2 *cos(philly - 1[Z]) + (-75e-2F*ult + 1<y - 1]2] + 1.0e-IF*fE + 1x + 1ly - 1][2] - 2.56-2F%uft + 1]x + 2]ly - 1Z])*sin(philxlly - Niz]))*cos(philly - 1Lz]) - 125e-2F((Z.5e-2P*uft + 1]

IJIy][z] - 25e-FF*ut + ][x - Zj[y][z])"sm(ph\[x () - (7.5e-2F%Ut + T[X - 1ly][z] + 1.0e- 1Pt + 1T - 1Ly + 1]02] - 2.5e-2F%0ft + 1l - 1y + 2][z])*cos(philx - | Tyl[z]))*sin(philx - 1Jy][z]) + 3.75-2F%(~(-2.5e-0F*ult + NIx]ly - 1]z] + 2.5e-2F%u[f + \][ Iy + 1)) Fcos(philiyl[z]) + (-7.5e-2F*t + 1B + |-0e-1 Pt + 1][x + 17y][z] - 2.5e-2F*uft + 1ix + 2][y][z])"S\n(phl[x][y][z]))*sm(ph\[x][y][z]) 20 PeC(25e 2Lt 20l -

1Tz + 25e-2F*uft + 10 - 2]fy + 1][2))*cos(philx - 2][Y][Z]) + (-25e-2F*d[t + I]X]y][z] - 7.5e-2F*uft + 1[x - 2][yl[z] + |.0e-1F*uft + 1][x - 1]Iyl[z])*sin(philx - 2)[yl[z]))*sin(philx - 2)[][z]) - 3.75e-2F*((-2.5e-2F*ult + I[x - 1]y]lz] + 2.5e-2F*uft + I][x + Iiyl[z])*sin(philx][y][z]) -
2.5e-2F*uft + 1[x + 1y - 2)[z)*sin(phi[x]ly - 2)[z)) - (25e 2P0t + XYI[Z) - 7.5e-2F*ult + 1Ly - 2)[2] + |.0e-TF*ult + []x]ly - 11[2])*cos(philx][y - 21[z]))*cos(philx]ly - 2)[z]) - 5.0e-2F*(-(-25e-2F*uft + 1[x - 1]y - 1][z) + 2.5e-2F*uft + I][x - 1T}y + I][Z])*cos(phl[x NYIE) + (10e-IF*ut + X - 7.5e-2F*uft + 1[x - 1)y)[z] -

+25e2FFu[t + 1[x + [y - [zl)*sin(Phibxly - [2]) - (1 0e-1 Pt + 1BIZ] - 7.5e-2F*uft + TX][y - T[] - 25e-2F*uft + ITix]ly + 1IEz])*cos(philx]ly - 1][2])*cos(philx]ly - 11z]) - 1.25e-2F¥(-(-2.5e-2F*uft + 1][x]yl[z] + 2.5e-2F*uft + [xI][z + 2])*sin(thetallyllz + 1)) + (-2.5e-2F*uft + Il - 1z + 1]+ 25e2F*u[t + 1[x]ly + 1z + ])*sin(phiixIyllz + 1]*cos(thetalx][y]lz +
+ 17 - 25e 2P0 + 1 + ][z + | ) *cos(phibdlyllz + | ]*cos(theta[x]ly]lz + I]))*sin(thetal[y]lz + 1]) + |.25e-2F*(-(2.5e-2F*ut + IIJIy][Z] - 2.5e-2FRult + IXYI[z - 2])¥sin(thetalx][y][z - 1]) + (-25e-2FAu[t + 1Tx]y - 1][z - 1] + 25e-3F*ut + 1<y + 1z - 1)*sin(phix][y]lz - 1])*cos(thetalx]ly]lz - 1) + (-7.5e-2F%uft + Iz - 11+ 10e-IF¥uft + 1]ix + 1Jy]lz - 1] - 2.5€-2F¥0t + 1][x + 2][y][z - 1])*cos(philx]y][z - |])*cos(thetalx][y][z -

IT)*sin(theta[x][y][z - 1]) + 3.75e-2F*(-(-2.5e-2F*u[t + I][x][y][z - |] + 2.5e-2F*ut + I][x][y][z + I])*sin(theta[x][y][z]) + (-2.5e-2F*ult + 1][X][y - |][z] + 2.5e-2F*u[t + [][x][y + I][z])*sin(phi[x][y][z])*cos(theta[x][y][z]) + (-7.5e-2F*u[t + I][x][y][z] + |.0e-IF*ult + T][x + I][y][z] - 2.5e-2F*u[t + I][x *+ 2][y][z])*cos(phi[x][y][z])*cos(theta[x][y][z]))*cos(phi[x][y][z]) *cos(theta[x][y][z]) + |.25e-2F*(-(-2.5e-2F*ut + I][x - 2][y][z - I] + 2.5e-2F*ut + I][x - 2][y]

(-75e2F*Ult + XY + |0e- IF*u[t + 1)xly + 1[z] - 25e-2F*ut + 1)l + 2][2))*cos(PhilX]lyl[z]))*cos(philx][Y][z)) - I.25e-2F*((-2.5e-2F*uft + 1][x - |y - 2][z] +
25e2FFuft + 1ix + 1][y][z])*sin(phix - \][y][z]))*sm(ph\[x 1Y)[z)) + 50e-2F*((-25e-2F*uft + 11[x - 1]y - ][]
s

(7.5e2PR[E + 1XIIYILz + 1]+ 1.0e-TF*uft + 1% + 11y][z

[z + 1])*sin(thetalx - 2][y][z]) + (-25e-2F*Ult + |][x - 2][y - 1iz] + 25e-2F*uft + 1][x - 2]fy + 1][z])*sin(phi[x - 2][y]z])*cos(thetalx - 2][y][z]) + (-2.5e-2F*[t + I][x][y][z] - /.5e- ZF*u[L + 1ix - 2]y]iz] + 1.0e-I AUt + 1x - 1Tyl[z])*cos(philx - 21y][z])*cos(thetalx - 2][y][z]))*cos(philx - 2][y][z])*cos(thetalx - 2][y][z]) - 5.0e-2F*((-25e-2F¥uft + 11x - Iy][z - 1]+ 2.5e-2F*Uft + I][x - 1]yl][z + 1])*sin(thetalx - ITy)[z]) + (-2.5e-2F*ut + |][x - ][y - 17[2] +
25e 2Fuft + - Ty + 1) *sin(ehi - 1yl[2])*cos(ihetalx - ) + (106-TFuft + DAILZ] - 7.9e- 2Fft + 1bx - ][z - 25e-2F*uft + 11ox + [yfzl) cos(phibx - 1y][z])*cos(thetal - ly][z])*cos(phil 1T z])*cos(thela[x Iz + 1.25e-2F%((-2.5e-2FUlt + 1[x][yl[z] + 2.5e-2F*ult + 1]y + 2J[z])*sin(philx][y + I[z])*cos(thetalx]ly + 1][z]) - (-25e-2F*uft + 1]y + 11[z - ]+ 25e-2F*d[t + 1]y + 1][z + 1])*sin(thetalx][y + 1]
F +

[2]) + (-7.5e-2F*(ft + T[x][y + 1][2] + 1.0e- IF¥a[t + 1[x + |y + 1[z] - 25e-2Fut + 1]ix + 2y + 1][Z])*cos(philx]ly + 1][z)*cos(thetalx]ly + 1][z])*sin(phipdy + \][z])*cos(theta[x][\/+ Mich + 1256 3P+ (- o.5e.2F*aft + (DY) + 2.5e- 2F]*u][)t + 1[x + 2][y)[z])*cos(philx + 1]y][z) *cos(thetalx + I[y](z]) - (-7.5e-2F*uft + 1x + 1]J[z] + |.Oe-1F¥uft +]I][>< + [z + 1] - 256 2Pt + 1]x + 1]
b+ 11001+ 10e- PGl ¢ T Wy + 1= 29e 2t v 16 + 1y + 21l sinfphlx & 110772 "cos(tnetal * iyllhy*cos(onix + Nly)z)costhetals + 1D - .25 2P(25e 2F St + Mbdbll - 25285l ¥ 1y - 2y *sin(phily - Lz *costthecally -

Wiz + 2])*‘sm](th]eta[>< FIYE) + (7.5e Pt +
D C2searun s Ny Tz 1+ 25e 2Pt 4 Iy - 1l b 1) sinhetafly - 1) + (7526t + iy - 12 + 1 0e 1Pt

+ 110+ 1y - 1[2] - 2.5e-2F*uft

+x + 20y - |][z])»cos(pm[ Iy - 11iz])*cos(thetalx][y - 1][z]))*sin(philx]ly - 11Z])*cos(thetalx][y - 1][z]) - |.25e-2F*((2.5e-2F*uft + IJIx]iy][z] - 2.5e-2F*ult + 1] - 2][y][z])*cos(philx - |[yl[z])*cos(thetalx - 11y][z]) - (-7.5e-2F*ult + 1][x - + [ Oe-IF¥Ut + | 1228020+ 1 1z = 2 “Sinehetal - ) © (—7.5e—2F"u[t+ H[x - Niy][z).+ 1.0e-TF*uft + 1x + 1] - 25e-2F Ut + 1] - 1y + 2)[z])*sin(philx - 1]]
[2])*cos(thetalx - ][y][z]))*cos(ph\[x ylia“costhetal - 1ID0[z] * 375 21%(25e 28ufi + lx - 1T + 25 20 & 1w+ 1] ][Z])"cos(ph\[x][y][z])*cos(theta[x][ 7)) - (7.5e-3F"ft + 1V + | Oe- 1Rt + 1KYz + | TR+ 1k Vllz ot 2])*sm<meta[x][y][z]) + (7.5e2PRUE+ TYI[Z] + .01 PRt + Ly + 1][z] - 25e-2F%u[t + ]y + Z][z])*slr\(ph\[x][y][z])*cos(theta[x][y][z]))*5\r\(ph\[x][y][z])xcos((hetz\[x][ [z) -
3.75e-2F%((-25e-2F*[t + 1{x - 1[y][Z] + 25e-2F*ut + 1][x + \][y][z])*cos(phl[x][y][z])*cos(thela[ Y12)) - (-7.5e-2F*uft + IIx]yliz] + 1:0e-1F*uft + Ix]yl[z + 1] - 25e-2FAult + IxIy][z + Z])*Sm(thela[x][y][z]) (736 2Pl 1pAGTE + 1 0e-IFouft T 2 25e2FFUt+ 1]l + 2][z])’*sm(ph\[x][\/][z])*cos(thela[x][y][z]) *sm(theta[x][y][z]) 1.256-2F%((-2.5-2F*ut + 10 - 1[yl[z - X+ ])*cos(ph\[x][y][

- 2))*cos(theta[x][y][z - 2]) - (-25e-2F*ult + IX][yl[z] - 7.5e-2F*u[t + 1X]iylz - 2] + I.0e-1F*u[t + 1][X]yllz - 1])*sin(thetalx][y]iz - 2]) + (-7.5e- zmw Yz - 2] + 1.0e-1F*uft + X)Ly + 1z - 2] - 25e-2F%uft + N[x]ly + 2][z - 2])*sin(philx][y][z - 2])*cos( thela[x][y] 7 - 2))*sin(theta[x]ly)[z - 2J) + FH((-25e2F*ult + |]x - Niy][z - 1]+ 2.5e-2F"uft + 1[x + H[y][z - 1))*cos(hilx]y][Z - 1] )*cos(meta x][y] 7- | ] - <\ TRt + b

756 2K Ut & oz - 11- 256 9F U + 12 + 1) smthetalslylls - 1) + (7.5 2Pt + Nz -1 + 1 O Feufs - oy + 1Lz 1] - 256220 ¥ Hsdly + 21z - 1 sin(phibdllz - 1) *costihetabdlz - 1D} sitretbdilz - 1]+ 1 250 2P(-25e 2Frut+ 1Toc- 1Ty - 2] + 25 zm[w \][x + I][y 2] cosEhBly - 21(z) cos(thetaldly - 2][z]) + (-2.5e-2F%ult + 1py|iz] - 75 2Fuft + 1Ly - 2J[z] + | Oe-IFuft + [][x ][y B

[2)*sin(philIly - 2112])*cos(thetalx]ly - 2J[z]) - (-7-5e-2Fult + 1]]ly - 21[z] + 1.0e-1F*u 51+ XLy - 200z -+ 17- 2.5e-2F*uft + 1[x]Ly - 2)[z + 2))¥sin(thetalx]ly - 2)[2))*sin(Philx]y - 2][z])*cos(thetalx]ly - 2][z]) - 5.0e-2F*((-2.5e-2F*uft + 11[x - Ty - 11[z] + 2.5e-2F*u[t + 1[x + 1y - 1[z])*os(philx]ly - Iz])*cos(thetalx]y - 11[z)) + (I.0e-1FAult + 1XIIZ] - 7.5e-2F*uft + 1Ly - 11(z] -

1[z]) - (-7.5e-2F%u[t + 1Ly - 11[2] + 10e-1F*uft + 1]y - 110z + 1 - 25e-2F*ut + 1ix]ly - 1z + 2])*sin(thetalx]ly - 11z])*sin(Philx]ly - 11[z])*cos(thetalx]ly - 1][z]))*epsilon(x][y][z] + 4 0F*m{x]iyliz]*ult + H[x][y](z])/(8:8587956/828298e-| F¥damp[x][yl[z] + 2.0F*m[x][yl[])

tiO[x][yl[z] = |.6e+ | F*(-fabs(theta[x][y][z]) + 3.4 |6F)*theta[X]

VI[z]) + 3.1416F)*fabs(theta[x][y][z]) + 4.93483e+|F)

temp33 = 2.5e-2F((-v[t + [][X][y][z- ] + V[t + |][X]
by - Hiz] + vt + Ly + 1z t0X][y][z*t3[x][y]
|.Oe-F*v[t + I][x + ][y][z] - 2.5e-2FFv[t + |][x + 2]
temp34 = ...

temp35 = ... temp33

[z + 1" t2[X][y][z] + (-v[
M|

) + (-7.5e-2F V[t + |]
[z])*tO[x][y][z]*t

M

256204t + Xy + 11[z])*sin(philx]ly - 1][z])*cos(thetalx]ly -

[z]/(-4.0F*(-fabs(theta[X]

T+ [][x
4




Devito Symbolic Engine (example output)

ult + 2Jxy)[2] = | OF*((8:85879567828298e- | Prdamp[x][yl[z] - 20F*m[x][Z)*ultlx][yl[z) + 1.5695652 1739 13F%(1.25e-2P((-2.5e-2F"[t + 1N[x][y][z] + 25e-2Fv[t + I xIVIz + Z])*cos(theta[x][y][z + 1)+ (256 2Pt + 1Ly - [z + 1]+ 2.5e-2F*[t + 1Ly + 11z + 1])*sin(philx]lyllz + \])“sln(theta[x][y][z H 1)+ (75e-2P e + Iz + 1]+ 1.0 1Pt + 1[x + 1Tz + 11 25e2F4 [t + 1][x + 2Jy[z + |])¥sin(thetalx]ly][z +
17)*cos(phipx]iy]iz + 1]))*cos(thetalx][y]lz + 1]) - 1.25e-2F*((25e-2F*[t + ITx]Iy][z] - 2.5e-2Pv[t + 1]z - 2)*cos(thetalx]yl[z - 1]) + (-25e-2P[t + [y - 1]z - 1] + 2.5e-2F%[t + XLy + [z - 1])*sin(phifx]][z - 1)*sin(thetalx][y]lz - 1) + (-7.5e-2F"v[t + XYz - 1]+ 1.0e-IFNE + 1]x + 1]y][z - 1] - 2.5e-2F*ft + 1][x + 2][y][z - 1])*sin(thetafx][y][z - 1]y*cos(phib][y][z - 1]))*cos(thetalx][y][z - 1]) + 3.75e-2P*((-2.5e-2P*[t + | ly]lz -
1]+ 25¢-254 + 160z + 1) costiretablyz]) + (25e- 2P+ 1Todly - 112 + 25e 2P + 1oy + Lz snehiyfz)sinhetalnlz) + (7520t + TEApfz] + 110e-1P(e 4 1 - D00z - 2520 + 1l + A5][z) inChetel 2] “cos(onitytz)) sln((heta[x][y][z])*cos(ph\[x][y][z]) + 125 2P ((-2.5e- 2Pt + 1x - 2yiz - 1]+ 256-2PAt + Hix - 2§[y][z + 1])*cos(thetalx - 2][y][z]) + (-25e-2PAV[t + Ix - 2]y - 1112] +

2.5e-2FR[t + 1]x - 20Ty + 1][z])*sin(philx - 2]Ty][Z])*sin(thetalx - 2]y][z]) + (—Z.Se—ZF*v[L + D] - 75e-2P(+ 1bx - 2yl + 1.0e-1FV{L + 1 - 1y][z)*sin(thetalx - 2]]lz)*cos(philx - 2Jy][z))“sinlthetalx - 21 ][z)“cos(phibx - 20)[z) - 5.06-2F*((-25e-2F[t + 1][x - Lz - 1]+ L5-2FV{t + 1l - [z + 1) *cos(thetalx - [z]) + (25e-2F*{t + Hbe- 1Ty - 12) + 25 2Pt + e 11ly + 12 *sin(phipe - 1])[z]*sinthetal - 1]0)
[2]) + (1.0e- 1PVt + IXIYI[Z] - 7.5e- 2Pt + 111 - 1Ty][z] - 25e-2P5t + 1x + 1Tyliz)*sin(thetalx - 17y][] )*cos(phl[x D) sinthetalx - Mz coslplx - D) ¥ 1:25e 282 56 2P DT * 25¢ 2Pt + 1y = 2zl *sn(phibdly + Iz *snthetably + [z + (2.5e 2Pt [y = 1z - 11 + 2520t + 1bdly + 1z + 1)¥os(thetabely + 2] + (7.5e 26 1y + 1) + 10 1Pt + e+ 1y + 10

25e2FR(t + 11x + 20y + [[z])*sin(thetalx][y + |][z])¥cos(phifxly + 1[z])*sin(phi(x]ly + I[z))*sin(thetalx]ly + 11[z]) + | 25e-2FF(-2.5e-2F"[t + 1[x]y][z] + 25-2FAvE + I]x + Z][y][z])*sm(theta[x+ M) "Cos(phitx - \][y][z]) ¥ (75e PRt + X + \][y][z] + 10e- 1PVt + I+ 1Y)z + 1] - 25e-2FAft + [x + 1][y][z + 2])*cos(thetalx + I][y][z]) (-75e2F [ + Tx + 1YI[Z] + 1.0e- PRt + 1x + 1y + 1[7] - 25e- 2Pt + 1][x + [y
2 rsnehix + N sn(hetab + ) sinthetx + ) cos(ehtx * ML2) - 1.25¢-27%(Loe 2PAE & DT - 2.5 2P+ 1odly - 2z “sinphily - ) sininetablly - 112 + (25972 L+ KLY - ][z' 1]+ 25e 2Pt + Xy - 1z + \])*cos(theta[x][y— l2]) + (-75e-2F*ft + \][x][\/— I][z] PO 1w 1] - 25e2f e 1+ 20fy - 1)) sniehetabdly - ) cos(eAllly - 112))*Sn(ehibly - 1)

) sntheally - 1](z) - 125 2P (25e 2P + Ty - 25 2Pt + 1< 2] sintnetabe - )z)“eos(pif - ID][z) + (7.5e2FEe + T [6[z) > | Oe-Thvte |][><— 1z + 11- 25e-2P*ft + 1[x - 1][y]lz + 2])*cos(thetalx - 1Ty][z]) + (—7.5e—ZF*v[t+ 15 - Iyl + 1.0e- 1Pt + 1x - [y + Tiz] - 25e-2F*[t + 1ix - 1y + 2][z])*sin(phi[x - \][y][z])*sm(theta[x I][y][z]))*sm(theta[x Iz ])*cos(ph\[x |][ Iz

375 20525 2PVLF T ] + 258 20 T + L) sin(hetably[z) "cosiDb ) + (75 2+ Tpdlz] + 10e- 1P 1pdbfz + 11 25 28+ 1D + 2])*cos(theta[x][ I[z]) + (-7.5e- I+ 1 IyIz] + 1.0 TP + 1K + 1]17] - 2.5e-2Pt + 1By + Z][z])"slr\(ph\[x][y][Z])"5\rv(ﬂ'\eta[x][y][z]))*5\r\(ph\[x][y][z])*sm(theta[x][ T2]) + 3.75e-2F%((-25 0FA [t + 1][x - 1IY][Z] + 2.5e-2P5V[t + 1][x + \]

[z])*sm(lheta[x][y][z])*cos(phl[x][\/][z]) + (756 2Pt + 1DYIZ] + | Oe-I PVt + ]Iz + 1] - 25e-2Fv[t + Ix[yllz + 2])*cos(theta[><][y][z]) + (756-2Pmt + IK]y][z] + 1.0 \F*v[[ + 1Ly + 1[z) - 25e2F*[t + 1Ly + 2][z])*sm(phl[x][y][z])*swn(thela[x][y][z]))*cos(lheta[x][y][z]) + 1256 2F((-2.5e- 2Pt + 1[x - 1[y][z - L+ i+ 1Tz - 2])*sm(thela[ Jy]lz - 2))*cos(philiyllz - 2]) + (- ZSe zm[u b
75e2F[t + x]lyllz - 2] + | Oe- TPt + TXIYI[z - |])*cos(thetalx]Y][z - 2]) + (-7.5e-2F*[t + [x][yllz - 2] + | Oe-l FAV[t + (Ix]ly + 1][z - 2] - 2.5e-2F5[t + 1]y + 2]z - 2])*sin(philx][y][z 2])*Sm(lheta iz - 2]))*cos(theta[>< [z - 2]) - 5.0e-2F((-2.5e- 2P [t + 1[x - 1]z - 1]+ 25e-2PR[t + \][x+ Niyliz - I)*sm(meta x][y]z I)*cos(ph\ iz 1) + (10 T FAt + 1dbliz] - 7.5e 2PNt + Pz - 1] - 2.5e-2Pft + 1x]yliz +

)*cos(thetalX][yllz - 1]) + (-75e-2F[t + 1xIyllz - 1]+ 10e-IFAE+ 1Ty + 1z - 11+ 2.5e-2FRt + 1xly + 2)[z - 1]*sn(Philx]Y][z - [])*sin(thetalx][Y][Z - | ])*cos(thetaXIyliz - 1)) + 1:25e-2F((-25e- 2Pt + 1[x - 1y - 2][2] + 25e-2F*[t + \][><+ \][ 2)[z]sin(thetalx]ly - 2][z])*cos(Philx]ly - 2][z]) + (:2.5e-2F*[t + ITx][y][z)~ 7.5e-2F~[t + IIxly - 2][z] + | Oe-1 Pt + 1Ly - |[z])*sin(philx]ly - 2][z])*sin(thetalx]Ly - 2][z]) +
(-75e2F*[t + XLy - 20[2] + | Oe-1 PVt + TIxly - 20z + 1] - 25e-2F4t + 1[x][y - 2]z + 2])*cos(thetalx]Ly - 2][z]))*sin(phi[x][y - 2][z])*sinithetalx][y - 2][z]) - 50e-2F*((-2.5e-2FA[t + 1[x - Iy - ][] + 25e2Fv[t + 1]x + [y - 1[2))*sin(thetalx][y - I[z])*cos(phiixly - 1[z)) + (1 0e-TFvft + XL - 7.5e2PA [t + X[y - [z - 25e-2F*ft + 1x]ly + 1iz))*sin(phi[x]ly - 11z])*sin(thetalx]ly - 11z]) + (-7.56-2F"[t + 11Xy - 1]Z] +
.0e- TPt + 1x]ly - [z + 1] - 25e-2PA[t + 1][x]ly - 11z + 2])*cos(theta[x]ly - 11[z]))*sin(philx][y - |1[z])*sin(thetalx]ly - 1][z]))*deltalx]lyl[z] + |.56956521739 13F¥(-1.25e-2F*(-(-2.5e-2F*ult + 1]Ix][y]Lz] + 2.5e-2F*uft + XLy + 2][z])*cos(philx]ly + 11[2]) + (-7.5e-2F*ut + [Txlly + 1][z] + 1.0e-1F*uft + 1]x + 1]ly + 1][z] - 25e-2F%ult + 1]x + 2]y + Hiz])*sin(philx]ly + 1]{z]))*cos(philxlly + 1][z]) + I.25e-2F*((-25e-2F*ult + [x]y][z] +

2.5e-2F%uft + 1] + 2]z sin(philx + 1Ty][z]) - (-7.5e-2F*ft + ITox + 1[yI[z] + 1.0e-1F*uft + 1x + 1]y + 1][z] - 2.5e-2F%u[t + 1][x + ][y + 2][zZ])*cos(philx + 1yl[z]))*sin(philx + ITiyJ[z]) + |.25e-2F4(-(2.5e-2F*ult + IxIy]z] - 2.5e-2Fuft + 1Ly - ]2 *cos(philly - 1[Z]) + (-75e-2F*ult + 1<y - 1]2] + 1.0e-IF*fE + 1x + 1ly - 1][2] - 2.56-2F%uft + 1]x + 2]ly - 1Z])*sin(philxlly - Niz]))*cos(philly - 1Lz]) - 125e-2F((Z.5e-2P*uft + 1]
IJIy][z] - 25e-FF*ut + ][x - Zj[y][z])"sm(ph\[x () - (7.5e-2F%Ut + T[X - 1ly][z] + 1.0e- 1Pt + 1T - 1Ly + 1]02] - 2.5e-2F%0ft + 1l - 1y + 2][z])*cos(philx - | Tyl[z]))*sin(philx - 1Jy][z]) + 3.75-2F%(~(-2.5e-0F*ult + NIx]ly - 1]z] + 2.5e-2F%u[f + \][ Iy + 1)) Fcos(philiyl[z]) + (-7.5e-2F*t + 1B + |-0e-1 Pt + 1][x + 17y][z] - 2.5e-2F*uft + 1ix + 2][y][z])"sm(phl[x][y][z]))*sm(ph\[x][y][z]) 20 PeC(25e 2Lt 20l -
1lz] + 25e-2F*uft + 1T - 2y + |J[z])*cos(philx - 2][y][z)) + (-25e-2F*d[t + ITIXIIy][2] - 7.5e-2F%uft + [x - 2J[y][z] + |.0e-1F¥uft + 17[x - 1[y]z])*sin(ohilx - 2]y l[Z))#sin(philx - 2y1z]) - 3.75e-2F*((-2.5e-2Pult + 11 - 1Tylz] + 25e-2F*ut + 1[x + |Tyllz])*sin(phix]yllz]) - (-7 5e-2F*ult + [XII[Z] + [0e- IFult + 1[x]Ly + 1[2] - 25e-2F*uft + 1]l + 2][z])*cos(philxIlyl[z]))*cos(philxI[yl[z]) - .25e-2F*((-2.5e-2P*ult + 1][x - 1]ly - 2][z] +
2.5e-2Fuft + i + 1Ty - 202D *sin(phixly - 2)[z) - (25e 2Pt + K] - 7.5e-2FRuft + 1Ly - 2J[2) + | 0e- IFAuft + 1[x]Ly - 11Z])*cos(Philx]ly - 2][z]))*cos(philxLy - 2][z]) - 5.06-2F*(-(-25e-2F¥ut + 11[x - 1ly - ][] + 25e-2F*u[t + 1]x - 1]y + I][Z])*cos(phl[x Y] + (1 0e-1 Pt + 1KIYIZ] - 7.5e-2F%uft + ITx - 1[y][z) - 25e-2F*uft + 1x + 1]y]z])*sin(philx - \][y][z]))*sm(ph\[x 1[Y][z]) + 5.0e-2F*((-25e-2F*ut + 11[x - 1]y - ][7]
+25e2FFu[t + 11[x + [y - [zl)*sin(philxly - 112]) - (1 0e-1 Pt + 1BIZ] - 7.5e-2F*uft + TX]ly - T[] - 2.5e-2F*uft + ITix]ly + 1) *cos(philx]ly - 1][2])*cos(philxIly - 1]z]) - 1.25e-2F¥(-(-2.5e-2F*uft + 1T[x]yl[z] + 2.5e-2F*ult + [xI][z + 2])*sin(thetalIyllz + 11) + (-2.5e-2F*uft + Il - 1z + 1]+ 25e2Fu[t + 1[x]Ly + 1z + 1])*sin(phiixIyllz + 1]*cos(thetalx][y]lz + (1) + (-7.5e-2FAdt + IIXIy[z + 1] + 1.0e- Pt + 1% + 11z
+ 17-25e-2F*Ut + 1] + 2]z + 1])*cos(philx]l[z + |])*cos(theta[x]lyl[z + |]))*sin(thetal<]y]lz + 1) + 1.25e-2F*(-(2.5e-2F*u[t + ITx][y][z] - 25e-2F*ult + IX][y][z - 2])*sin(thetalx][y][z - 1]) + (-2.5e-2FAuft + XLy - ][z - 1] + 25e-2F*u[t + 1]l + [z - 1])*sin(ehilXI[y]lz - 1])*cos(iheta[x][yllz - 1) + (-7.5e-2F*ult + 1Tx]iyl[z - 11+ 1.0e-1F*Ut 11 + 1Ty]lz - 1] - 25e-2F*ft + 1][x + 2][y][z - 1])*cos(philx]y][z - 1])*cos(thetalx][y][z -
I))*sin(thetal<Ily]iz - 11) + 3.75e-0P4(-(-2.5e-2F*uft + [XIyllz - 1] + 2.56-2Fuft + ][z + 1) Fsin(thetalx]iy]iz]) + (-2.5e-2P%uft + 1Ly - ][] + 2.5e-2F%ult + Nix]Ly + (1[z])*sin(philx]iyl[z])*cos(thetalx]ly][z]) + (-7.5e-2Fult + 1[x]y][Z] + | Oe-1FRult + 1]x + I]y][z] - 256-2F*uft + ]x + 2]fy]iz])*cos(philx]lyl[z]) *cos(thetalxIy][z]) *cos(phiplyl[z])*cos(thetalX][y][Z]) + | 25e-2PK(-(-2.5e-2F*Uft + 1]x - 2][y][z - 1] + 2.5e-2F*uft + 1]x - 2][y]
[+ 1])*sin(thetalx - 2][y][z]) + (-2.5e-2F*Ult + 1] - 20 - 1{z] + 2.5e-2P%uft + 1]x - 2]ty + 1)) *sin(phil - 2]ly][z])*cos(thetalx - 2][y][z]) + (-25e-2F*ut + I][x][y][Z] - 7.5 ZF*u[L + - 20yiz] + 101 FFUft + 11 - 1Tyl[z])*cos(philx - 2yl[z])*cos(thetal - 2]ly]z]))*cos(philx - 2]ly][z])¥cos(thetalx - 2][y][z]) - 50e-2F(-(-2.5e-2F%uft + 1 - I[y][z - 1]+ 2.5e-2F*Uft + I[x - ITy][z + ID*sin(thetalx - ITy][z]) + (-25e-2F*dt + 1][x - 1T[y - 1][2] +

250 35 + 1l T+ M) sin(ol - |l *costinetal - 1DAL2) * (10 1Fuft + 10Na] - 750 2670t + 1o DT - 25e et + 1o + DIlzDcos(phibe - 1y lz) *cos(thetalx - Tl *cos(phibx - THAfz] cos(thetalx . pllah) + 1:25e-2P((2.00 2t + bdlylz] ¥ 25 2Pult + by 21 z])*sm(phl[x [y + Dl cos(inetlelly + 1z) - (29200 + 10y 117 1+ 25 26t + Tpdly + 1z + DytsinGhetably + 1)

[2]) + (-7.5e-2F*ult + T[x][y + 1][z] + |.0e- IFa[t + [x + 1y + []7] - 2.5e-2PRaft + 1x + 2]y + | [z])*cos(ehilx]ly + |]z])*cos(thetalx]ly + I][Z))*sin(philx]ly + \][z])*cos(theta[x][\/+ Nz + | S5 eaF *((-2.5e-2FFU[t + \][x][y][z] 2.5e-3FR[t + |x + 2][yl[z])*cos(philx + | [yllz))*cos(thetalx + I[YI[Z]) - (-75€-2F*u[t + 1]ix + 1)) + | Oe-1 Fult + 1[x + Jyl[z + 1] - 2.5e-2F4uft + [ + 1[yl[z + 2])*‘sln(theta[><+ 1Iy][z]) + (-7.5e-2PRaft +

1o+ 1] + 1:0e- 1At + 1Tix + 1]y + 1][z] - 25e2PRaft + 1x + [y + 2J[z])*sin(philx + | T[y][z])*cos(thetalx + |][y][z)))*cos(philx + |][y][z])*cos(theta[>< + 1D - 1.25e2PH((2.5e-2F4uft + 1x[y][Z] - 2.5e- ZF*u[t DY - 2][2])*s\n(ph\[><][y \][z])*cos(theta[x][y D 2520 = Nodly - Tz ]+ 25e2Pult + I - 1z + 1) sinGhetaldly - Tz) + (7,526 e+ 1Bl - \][z] + 1 Oe-1FUft + 1[x + 1y - 11[2] - 25e-2F*ut

+x + 20y - |][z])»cos(pm[ Iy - 11z])*cos(thetalx]ly - 11[z]))*sin(philx]fy - 11Z])*cos(thetalx][y - 1][z]) - |.25e-2F*((2.5e-2F*ult + IJx]y][z] - 2.5e-2F*ult + 1][x - 2][y][z])*cos(philx - I][y][z])*cos(theta[x - 11Y][z]) - (-7.5€ zm[t + 1]0x - 1] + 1.0e-1F¥ult + lx - 1lyllz + 1] - 25e-2F*u[t + 1][x - 1iyllz + 2])*sm(theta[><— Nylizl) + (—7,5e—2F"u[t+ 1 - iyl[z] + 10e-IF¥U[t + 17 - 1Ty + 112] - 25e-2F*uft + 1[x = 1]y + 2J[z])*sin(philx - 1]Ty]
[2])*cos(thetalx - ][y][z]))*cos(ph\[x ylia“costhetal - 1ID0[z] * 375 21%(25e 28ufi + lx - 1T + 25 20 & 1w+ 1] ][Z])*cos(ph\[x][y][z])*cos(thetz\[x][ Ni2)) - (7.56-2Fuft + 1xlyl[z] + T Oe- IF*uft + | e Teearut + Yz + 2])*sm<meta[x][y][z]) + (7.5e2PRUE+ TYI[Z] + .01 PRt + Ly + 1][z] - 25e-2F%u[t + ]y + Z][z])"sm(ph\[x][y][z])"cos(theta[x][y][z]))*sm(ph\[x][y][z])xcos((heta[x][ ) -

3.75e-2F*((-2.5e-2PA[t + 1x - 1yl[7] + 25e-2F*lt + ][x + \][y][z])*cos(phl[x][y][z])*cos(thela[ J1[) - (-7.5e-2F%ult + 1xdlyliz] + 1.0e-1F<ut + [Edyllz + 11 - 2.5e-2PUTt + 1]y ][z+2])*Sm(thela[><][y][z]) (-7.5e- zm[u NI + 1.0e- IF*uft + 1x]ly + 1][2] - 2.5e-2F%uft + 1][x]ly +2][z])*s\n(ph\[x][y][z])*(os(thela[x][y][z]))*sm([heta[x][y][z]) 1.256-2F%((-2.5e-JF*u[t + 1[x - [lyllz- 2] + PRt + 1+ )z - ])*cos(ph\[x][y][z
- 2])*cos(theta[x][y][z - 2]) - (-2.5e-2F*uft + I[X][y][z] - 7.5e-2F¥u[t + IIx]y](z - 2] + I.0e-1F¥u[t + L][X][yllz - 1])*sin(theta{x][y][z - 2]) + (-7.5e-2F*ult + HX]lY)[z - 2] + |.Oe-1F*uft + 1[x]ly + 1]z - 2] - 25e-2F%uft + 1[x][y + 2][z - 2])*sin{phi[x][y][z - 2])*cos(theta[x][y][z - 2]))*sin(theta[x][y](z - 2]) + FH((-25e2F*ult + 1][x - Niyllz - 1]+ 2.5e-2F"uft + N[x + H[y][z - 1])*cos(philx][y][z - \)*cos(meta Iz - 1) - (10e- 1Pt + XY

756 2K Ut & oz - 11- 256 9F U + 12 + 1) smthetalslylls - 1) + (7.5 2Pt + Nz -1 + 1 O Feufs - oy + 1Lz 1] - 256220 ¥ Hsdly + 21z - 1 sin(phibdllz - 1) *costihetabdlz - 1D} sitretbdilz - 1]+ 1 250 2P(-25e 2Frut+ 1Toc- 1Ty - 2] + 25 zm[w \][x + I][y 2] cosEhBly - 21(z) cos(thetaldly - 2][z]) + (-2.5e-2F%ult + 1py|iz] - 75 2Fuft + 1Ly - 2J[z] + | Oe-IFuft + [][x ][y B
[2)*sin(philIly - 2]12])*cos(thetalx]ly - 2J[z]) - (-7-Se-2FAult + I[X]ly - 2][z] + 1.0e=IF*[t + 1][X]ly - 2]z + 11 - 2.5e-2F*uft + |]x]Ly - 2][z + 2])¥sin(thetax]ly - 2][z])*sin(philx]ly - 2][z])*cos(thetalx]ly - 2][z]) - 50e-2F*((-2.5e-2F*uft + 1]x - 1Tly - 11[z] + 2.5e-2F*uft + 1][x + 1Ty - 1][z])*cos(philx]y - I[z])*cos(thetalx]ly - 11[z]) + (1.0¢-1 FAult + 1XIy[Z] - 75e-2F*uft + 1[x]ly - 11[2] - 25e-2F%uft + 1[Il + I 2] *sin(Philx]ly - |][z])*cos(thetalx]ly -
2] - (7.5e-2F%ult + 1Ly - 11z] + 1'0e-1F*ft + 1150y - 1z + 1] - 2.5e-2F*ut + 1ix]ly - 1](z + 20)*sin(thetalx]Ly - 1][z]))*sin(philx]ly - 11[z])*cos(thetalx][y - 11[z]))*epsilon(x][y][z] + 40F*mX]iyliz]*ult + 1](Iy]z])/(8.85879567828398e- | F*damp[x]lyl[z] + 20F m(x][y][z])

tiO[x][yl[z] = |.6e+ | F*(-fabs(theta[x][y][z]) + 3.4 |6F)*theta[X]
[VI[z]) + 3.1416F)*fabs(theta[x][y][z]) + 4.93483e+IF)

[z]/(-4.0F*(-fabs(theta[X]

temp33 i+ 1[X][yl[z- 1]+ vt + H[X][Yllz + | ])*t2[x][y][z] + (-v[t + |][x
[y - Hiz] + y T 1z tOX]y][z*3[x]y][z]) + (-/.0e-2F*v[t + [ [x][y][z] +
|.Oe-TF*v[t + I][x + l][y][z] - 2.5e-2F*v[t + |][x + 2][y][z])*tO[x][y][z]*ti | [X][Y]
temp34 = ...

temp35 = ... temp33

Q




